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Entanglement is monogamous  

Suppose that A-B and A-C are both maximally entangledé 

Alice  Bob Charlie  

éthen Alice could exploit both channels simultaneously to 

achieve perfect 1g2 telecloning, violating no-cloning theorem 

B. M. Terhal, IBM J. Res. & Dev. 48, 71 (2004); G. Adesso & F. Illuminati, Int. J. Quant. Inf. 4, 383 (2006) 
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CKW monogamy inequality  

No-sharing for maximal entanglement, but nonmaximal 
one can be sharedé under some constraints 

While monogamy is a fundamental quantum property, fulfillment 
of the above inequality depends on the entanglement measure 

[CKW] Coffman, Kundu, Wootters, Phys. Rev. A (2000) 

Ó + 

EAj(BC) ¸ EAjB ÁC + EAjCÁBEAj(BC) ¸ EAjB ÁC + EAjCÁBEAj(BC) ¸ EAjB ÁC + EAjCÁBEAj(BC) ¸ EAjB ÁC + EAjCÁB

Å it was originally proven for 3 qubits using the tangle (squared concurrence) 

The difference between LHS and RHS yields the residual 
three-way shared entanglement 

  Dür, Vidal, Cirac, Phys. Rev. A (2000) 
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ôGeneralizedõ monogamy inequality 

é 

Ó 

é 

é 

é +    + é 

+ 

E s1 j (s2 ;:::;sN ) ¸
NX

j = 2

E s1 jsjE s1 j (s2 ;:::;sN ) ¸
NX

j = 2

E s1 jsj

Conjectured by CKW (2000); proven for N qubits by Osborne and Verstraete, Phys. Rev. Lett. (2006) 

The difference between LHS and RHS yields not the 
genuine N-way shared entanglement, but all the 

entanglement terms not stored in couplewise form 
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Monogamy of discrete entanglement  

    
 
 

Monogamy inequality 
for 3-qubit states X 

CKW PRA 2000 

X 
Ou & Fan  
PRA 2007 

X 
Kim & Sanders JPA 2010 

LOCC monotonicity 
of the residual three-
qubit entanglement 

X 
Dur et al  PRA 2000       
(also: permutationally 

invariant) 

? ? 

Monogamy inequality 
for N-qubit states X 

Osborne & Verstraete  
PRL 2006 

X 
Ou & Fan  
PRA 2007 

X 
Kim & Sanders JPA 2010 

Monogamy inequality 
for arbitrary 

dimensional states 

W 
Ou PRA 2007 

W  
Maybe for convex-roof 

extended version 

? 

implies 

Tangle  

 

Negativity^2  

  

 

Renyi-a entropy 

(a ² 2) 

  

implies 

Squashed entanglement is monogamous for arbitrary dimensional states 

  

 

X 
Koashi & Winter PRA 2004 
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Continuous variable systems  

× Quantum systems such as harmonic oscillators, light modes, atomic 

ensembles, material particles, or bosonic fields 

× Infinite-dimensional Hilbert spaces                       for N modes 

× Quadrature operators 

 

H =
N N

i = 1 H iH =
N N

i = 1 H i

X̂ = (q̂1; p̂1; : : : ; q̂N ; p̂N )X̂ = (q̂1; p̂1; : : : ; q̂N ; p̂N )
q̂j = âj + â

y
j ; p̂j = (âj ¡ â

y
j )=iq̂j = âj + â

y
j ; p̂j = (âj ¡ â

y
j )=i

G. Adesso, S. Ragy, and A. R. Lee, Open Syst. Inf. Dyn. 21, 1440001 (2014) 

ÁVector of first moments (arbitrarily adjustable by local displacements: we will set them to 0)  

ÁCovariance Matrix (CM) ů (real, symmetric, 2N x 2N) of the second moments  

a states whose Wigner function is a Gaussian in phase space 

Gaussian states 

 ̧can be realized experimentally with current technology (e.g. coherent, squeezed states)  
 ̧successfully implemented in continuous variable quantum information processing 

 ̧fully determined by  

„ ὢὢ ὢὢ ςὢὢ  
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Monogamy of Gaussian entanglement  

    
 
 

Monogamy inequality 
for 3-mode Gaussian 

states 

X 
NJP 2006, PRA 2006 

X X 

Gaussian LOCC 
monotonicity of 

three-mode residual 
entanglement 

X 
NJP 2006 

? 
(didnõt check!) X 

(also: permutationally 
invariant) 

Monogamy inequality 
for fully symmetric N-
mode Gaussian states 

X 
NJP 2006 

X X 

Monogamy inequality 
for all (pure and 
mixed) N-mode 
Gaussian states 

numerical evidence 
 

NJP 2006 

X 
PRL 2007 

X 
PRL 2012 

implies 

implies 

G. Adesso and F. Illuminati, New J. Phys. 8, 15 (2006)  

G. Adesso, A. Serafini, and F. Illuminati, Phys. Rev. A 73, 032345 (2006) 

T. Hiroshima, G. Adesso, and F. Illuminati, Phys. Rev. Lett. 98, 050503 (2007) 

G. Adesso, D. Girolami, and A. Serafini, Phys. Rev. Lett. 109, 290502 (2012) 

Contangle  

[GCR* of (log-neg)2] 

 

Gaussian tangle 

[GCR* of negativity2] 

 

*GCR = òGaussian convex roofó 
minimum of the average pure-state 

entanglement over all decompositions 
of the mixed Gaussian state into 

pure Gaussian states 

Renyi-2 entropy 

[using GCR*] 
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A stronger monogamy constrainté 

Consider a general quantum system 
multipartitioned in N subsystems  
 

each comprising, in principle, one or more 
elementar units (qubit, mode, é) 

× Does a stronger, general monogamy inequality a priori 
dictated by quantum mechanics exist, which constrains 
on the same ground the distribution of bipartite and 
multipartite entanglement? 

× Can we provide a suitable generalization of the 
tripartite analysis to arbitrary N, such that a genuine N-
partite entanglement quantifier is naturally derived?  
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Ep1 j(p2 :::pN ) =
P N

j = 2 Ep1 jpj +
P N

k> j = 2 Ep1 jpj jpk

+ : : : + Ep1 jp2 j :::jpN

Ep1 j(p2 :::pN ) =
P N

j = 2 Ep1 jpj +
P N

k> j = 2 Ep1 jpj jpk

+ : : : + Ep1 jp2 j :::jpN

Decomposing the block entanglement  

é Ó × 
j=2 

N 1   2       3       4              N   
1   j   

+ × 
k>j 

N 1       j        k   

+··· + 
1   2       3       4              N   

é 

= 
? 

ü iterative structure 
 

Å Each K-partite entanglement (K<N) 
is obtained by nesting the same 
decomposition at orders 3,é,K  

 
Å The N-partite entanglement is then 

implicitly defined by difference 

éé

éé

éé

éé

é
 

Genuine  
 N-partite         
  entanglement  

= min 
focus 

E 
p1|p2|é|pN 
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Strong monogamy inequality  

ü fundamental requirement 
 

Å implies  the traditional 
ôgeneralizedõ monogamy inequality 

(in which only the two-party 
entanglements are subtracted)  

 
Å extremely hard  to prove in 

general! 

E 
p1|p2|é|pN 

Ó 0 
? 


