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 Identifying quantumness by its most essential and
genuine signatures in general composite systems

 Providing novel operational interpretations and
satisfactory measures for quantum resources

Quantum Classical

Our research at Nottingham

WHERE    
IS

THE 
BORDER?
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 The possibility to create “quantum” superpositions
of a reference set of “classical” orthogonal states

 Quintessential feature of quantum mechanics and 
key ingredient for quantum technologies

Quantum coherence
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Quantum coherence

Correlations

Biology

Metrology
Condensed 

matter

Thermo-
dynamics

A fully satisfactory (mathematically rigorous and physically intuitive) quantitative 
measure of coherence with a direct operational interpretation is still rare to find!
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Characterising coherence
Quantum Resource Theories

Quantifying coherence 
Robustness of Coherence

Measuring coherence  
Coherence Witnesses

Exploiting coherence  
Phase Discrimination Games

This talk
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Resource theories of coherence

• Incoherent states: States diagonal in the 
reference basis 𝑗 : 𝛿 ∈ ℐ: 𝛿 = σ𝑗 𝑝𝑗 𝑗 𝑗

Free states

• Operations unable to create coherence, that 
map incoherent states into incoherent states

• Incoherence-preserving operations (Aaberg 
2006) ⊃ incoherent operations (Baumgratz et 
al 2014) ⊃ strictly incoherent operations (Yadin
et al 2015) ⊃ translationally invariant 
operations (Marvian et al 2015) ⊃ genuinely 
incoherent operations (Streltsov 2015)

Free operations

𝜌
𝛿ℐ

𝒟(ℋ)

IPO

IO

SIO

TIO

GIO
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Resource theories of coherence
Entanglement 𝑬 Coherence 𝑪
with respect to a bipartition 𝐴:𝐵 with respect to a fixed reference basis 𝑗

(E1) 𝐸𝐴:𝐵 𝜎𝐴𝐵 = 0 for separable states 
𝜎𝐴𝐵 ∈ 𝒮: 𝜎𝐴𝐵 = σ𝑘 𝑝𝑘𝜌𝐴

𝑘 ⊗𝜈𝐵
𝑘

(C1) 𝐶 𝛿 = 0 for incoherent states 
𝛿 ∈ ℐ: 𝛿 = σ𝑗 𝑝𝑗 𝑗 𝑗

(E2) 𝐸𝐴:𝐵 is nonincreasing under LOCC 
on 𝐴 and 𝐵, i.e. acting as Λ𝐿𝑂𝐶𝐶 𝜌 =
σ𝑗 𝐿𝑗𝜌𝐿𝑗

†, with 𝐿𝑗 being the Kraus
operators (properties omitted here)      
[R., P., M., and K. Horodecki, Rev. Mod. Phys. 
81, 865 (2009)]

(C2) 𝐶 is nonincreasing under free 
operations, e.g. incoherent operations 
[Baumgratz et al PRL 2014]
acting as Λℐ 𝜌 = σ𝑗𝐾𝑗𝜌𝐾𝑗

†, with 
incoherence-preserving Kraus 
operators 𝐾𝑗ℐ𝐾𝑗

† ⊆ ℐ

(E2b) 𝐸𝐴:𝐵 is nonincreasing on average  
under selective LOCC, i.e. 𝐸𝐴:𝐵 𝜌 ≥
σ𝑗 𝑝𝑗𝐸𝐴:𝐵 𝜌𝑗 with 𝜌𝑗 = 𝐿𝑗𝜌𝐿𝑗

†/𝑝𝑗

(C2b) 𝐶 is nonincreasing on average  
under selective incoherent operations, 
i.e. 𝐶 𝜌 ≥ σ𝑗 𝑝𝑗𝐶 𝜌𝑗
with 𝜌𝑗 = 𝐾𝑗𝜌𝐾𝑗

†/𝑝𝑗

(E3) 𝐸𝐴:𝐵 is convex (optional) (C3) 𝐶 is convex (optional)
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Quantifying coherence

• Distance from the set of incoherent states

• 𝐶𝑅𝐸 𝜌 = inf
𝛿∈ℐ

𝑆(𝜌| 𝛿 = 𝑆 Δ 𝜌 − 𝑆(𝜌), 

with Δ(𝜌) the diagonal part of 𝜌

Relative entropy

• Contribution of the off-diagonal entries of the 
density matrix

• 𝐶𝑙1 𝜌 = σ𝑘≠𝑗 𝜌𝑗𝑘

l1-norm

𝜌

ℐ

• Several other proposals to quantify coherence 
(e.g. in terms of entanglement creation), …
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(A. Streltsov et al, 
Rev. Mod. Phys.

in progress)



Robustness of Coherence

• 𝐶ℛ 𝜌 = min
𝜏

𝑠 ≥ 0 |
𝜌+𝑠 𝜏

1+𝑠
=: 𝛿 ∈ ℐ

Definition (RoC)

𝜌

𝛿

𝜏

The RoC of a quantum state 𝜌
quantifies the minimum weight
𝑠 of another state 𝜏 such that
its convex mixture with 𝜌 yields
an incoherent state 𝛿

(notion previously used for entanglement)
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Robustness of Coherence

• Vanishing iff a state is incoherent

• Full monotone in all possible                                                    
resource theories of coherence

 𝐶ℛ 𝜌 ≥ σ𝑙 Tr Γ𝑙 𝜌 𝐶ℛ
Γ𝑙 𝜌

Tr Γ𝑙 𝜌

• Convex

• Computable numerically by a semidenite program 
(SDP) for arbitrary states [Matlab code provided]

• Computable analytically for all one-qubit states, all 
pure d-dimensional states, and a class of mixed states

Properties (RoC)

𝜌

𝛿
𝜏
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Robustness of Coherence: Examples
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RoC vs l1-norm of coherence in dimensions (a) d=3 and (b) d=4RoC for one qubit
(= l1-norm)

𝐶𝑙1(𝜌)

𝑑 − 1
≤ 𝐶ℛ 𝜌 ≤ 𝐶𝑙1(𝜌)



Coherence Witnesses

• Any Hermitian operator 𝑊 with nonnegative diagonal 
Δ 𝑊 ≥ 0 in the reference basis is a coherence witness :

• Tr 𝛿𝑊 ≥ 0 for all incoherent states 𝛿

• If one measures the observable 𝑊 on the state 𝜌 and 
finds Tr 𝜌𝑊 < 0, then coherence of 𝜌 is detected

Definition (Coherence Witnesses)
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𝜌

𝛿

𝑊

Witnesses can be very useful to
detect coherence in experiments

(notion previously used for entanglement)



Coherence Witnesses and RoC

• Coherence witnesses give lower bounds to the RoC: 
𝐶ℛ 𝜌 ≥ max 0,−Tr 𝜌𝑊 ∀𝑊 ≤ 𝑰, Δ 𝑊 ≥ 0

• The bounds can be saturated: the RoC is observable
(note the optimal witness 𝑊 is dependent on 𝜌)

• Alternatively, one can provide state-independent 
accessible lower bounds, and estimation procedures 
for the RoC based on incomplete experimental data 
(all formulated as simple SDPs, unlike the case of entanglement)

The RoC is an observable measure
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𝜌

𝛿

𝑊



k=1

k=2

k=3

k=4

Phase Discrimination Games
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𝜌𝑖𝑛 𝑘?𝜌𝑜𝑢𝑡

𝑈𝑘 = exp(𝑖𝜙𝑘𝐻)

{𝑀𝑘}

with  𝐻 = σ𝑗 𝑗 𝑗 𝑗

The black box randomly applies a
phase shift 𝜙𝑘 sampled from an
agreed set of choices 𝜙𝑘 with
prior probability distribution {𝑝𝑘}

A probe 
enters a 

black box

An optimal POVM with elements
{𝑀𝑘} is performed on the output
to guess the correct instance of
the phase applied to the probe…



Phase Discrimination Games
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• Each setting Θ ≔ 𝑝𝑘 , 𝜙𝑘 defines an 
instance of phase discrimination (PD) game

• The maximal probability of guessing right 
(probability of success) for a given input is:                                   
𝑝Θ
𝑠𝑢𝑐𝑐 𝜌𝑖𝑛 = max

{𝑀𝑘}
σ𝑘 𝑝𝑘Tr[𝑈𝑘𝜌𝑖𝑛𝑈𝑘

†𝑀𝑘]

• Incoherent probes 𝛿𝑖𝑛 ∈ ℐ are of no help! 
𝑝Θ
𝑠𝑢𝑐𝑐 ℐ = max

𝑘
𝑝𝑘 (according to just 

casting a guess on the most likely phase)

• Quantitatively, how better can probes with 
coherence be for this task?

Probability of success

k=1

k=2

k=3

k=4

k?

}

max
Θ

𝑝Θ
𝑠𝑢𝑐𝑐 𝜌𝑖𝑛
𝑝Θ
𝑠𝑢𝑐𝑐 ℐ

= 1 + 𝐶ℛ(𝜌𝑖𝑛)
The RoC quantifies the 
advantage in PD games
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The quest for fully characterising quantum 
coherence as a resource is still in progress

We have introduced the Robustness of 
Coherence, a full convex monotone in all 
possible resource theories of coherence

We have introduced coherence witnesses, 
useful for experiments, and shown that 
the Robustness is an observable quantity

We have provided a direct 
operational interpretation for the 
Robustness as the advantage in 
phase discrimination games

Summary

Gdansk 2016Robustness of CoherenceG. Adesso



Thank you

http://quantumcorrelations.weebly.com
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