
Optimal quantum   
teleportation with 
limited resources
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(mathematically) is the implementation of an identity channel



Al
ic

e

Bo
b

measure and prepare (LOCC)

𝜓 𝑖𝑛

𝜌𝑜𝑢𝑡

re
so

ur
ce

 𝜌
𝐴
𝐵

If 𝜌𝐴𝐵 is maximally entangled
Fidelity ℱ = 𝑖𝑛 𝜓 𝜌𝑜𝑢𝑡 𝜓 𝑖𝑛 = 1
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If 𝜌𝐴𝐵 is not maximally entangled
Fidelity ℱ = 𝑖𝑛 𝜓 𝜌𝑜𝑢𝑡 𝜓 𝑖𝑛 < 1



What is the best 
we can do with a 
finite amount of  
entanglement?



For discrete VARIABLES:            
Fidelity proportional to 

Max singlet fraction
(Horodecki x3 1999)

What about continuous 
variable systems?



1.
Continuous variable 
(CV) teleportation

Braunstein-Kimble protocol
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two-mode                     
Gaussian state with 
entanglement 𝐸𝑁 = 2𝑟

double homodyne 
𝑄+ = 𝑞𝑖𝑛 + 𝑞𝐴 / 2

𝑃− = 𝑝𝑖𝑛 − 𝑝𝐴 / 2

local displacement
𝑞𝐵 → 𝑞𝐵 + 𝑔 2𝑄+
𝑝𝐵 → 𝑝𝐵 + 𝑔 2𝑃−
with tunable gain 𝑔

photocurrents
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Gaussian channel Λ ≡ (𝑋, 𝑌) 𝜌𝑜𝑢𝑡

input mode

𝑑𝑖𝑛 (1st moments)
𝑉𝑖𝑛 (covariance matrix)

OUTPUT MODE
𝑑𝑜𝑢𝑡 = 𝑋 𝑑𝑖𝑛
𝑉𝑜𝑢𝑡 = 𝑋𝑉𝑖𝑛𝑋

𝑇 + 𝑌



Phase-insensitive  Gaussian channel Λ ≡ (𝑋, 𝑌) with:    
𝑋 = 𝑔𝕀, 𝑌 = (𝑔2𝑎 − 2𝑔𝑐 + 𝑏)𝕀

𝜌𝑜𝑢𝑡

input
𝑑𝑖𝑛
𝑉𝑖𝑛

OUTPUT
𝑑𝑜𝑢𝑡 = 𝑋 𝑑𝑖𝑛
𝑉𝑜𝑢𝑡 = 𝑋𝑉𝑖𝑛𝑋

𝑇 + 𝑌RESOURCE
𝑑𝐴𝐵 = 0

𝑉𝐴𝐵 =
𝑎 0
0 𝑎

−𝑐 0
0 𝑐

−𝑐 0
0 𝑐

𝑏 0
0 𝑏

𝜌𝐴𝐵

Gaussian channel Λ ≡ (𝑋, 𝑌)

𝜓 𝑖𝑛



2.
Phase-insensitive 

Gaussian channels
implementable by teleportation



× Entanglement of Gaussian states cannot be 
distilled by Gaussian LOCC (Giedke-Cirac 2002)

× All phase-insensitive Gaussian channels are 
teleportation-covariant (Pirandola VS Wilde 2015-17)

Implementable channels iff: 𝐸𝑁(𝑉𝐴𝐵) ≥ 𝐸𝑁(𝑉𝐶ℎ𝑜𝑖)
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𝑦 ≥ 1 − 𝜏 Completely 
positive

𝑦 ≥ 1 + 𝜏 Entanglement-
breaking

𝑦 ≥ 𝑒−2𝑟 1 + 𝜏 Implementable 
with 𝐸𝑁 = 2𝑟
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channels
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breaking
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× Optimal resources given  𝑋 = 𝜏 𝕀, 𝑌 = 𝑦𝕀

× Minimum entanglement & finite mean energy
(except for the quantum-limited attenuators)

𝑎 0
0 𝑎

−𝑐 0
0 𝑐

−𝑐 0
0 𝑐

𝑏 0
0 𝑏

with   𝑏 =
𝜏−𝑒−2𝑟 tanh 𝑟

𝜏−tanh 𝑟
, 𝑎 =

𝑏+𝑒−2𝑟 𝜏−1

𝜏
, 𝑐 =

𝑏−𝑒−2𝑟

𝜏



3.
Optimal average 

teleportation fidelity
for an alphabet of coherent states
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two-mode                     
Gaussian state with 
entanglement 𝐸𝑁 = 2𝑟

double homodyne 
𝑄+ = 𝑞𝑖𝑛 + 𝑞𝐴 / 2

𝑃− = 𝑝𝑖𝑛 − 𝑝𝐴 / 2

local displacement
𝑞𝐵 → 𝑞𝐵 + 𝑔 2𝑄+
𝑝𝐵 → 𝑝𝐵 + 𝑔 2𝑃−
with tunable gain 𝑔

photocurrents
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two-mode                     
Gaussian state with 
entanglement 𝐸𝑁 = 2𝑟

Re[𝛼]

Im[𝛼]

Bo
b

𝜌𝑜𝑢𝑡

input alphabet of 
coherent states 
with prior phase 
space distribution 
𝑃𝜆 𝛼 =

𝜆

𝜋
𝑒−𝜆 𝛼 2

with variance 𝜆−1

തℱ𝜆 𝑟 = න
ℂ

𝑑2𝛼 𝑃𝜆 𝛼 𝛼 𝜌𝑜𝑢𝑡 𝛼

average teleportation fidelity

FIGURE OF MERIT



തℱ𝜆 𝑟 = න
ℂ

𝑑2𝛼 𝑃𝜆 𝛼 𝛼 𝜌𝑜𝑢𝑡 𝛼

FIGURE OF MERIT

𝑟 = 0 (separable resource)

തℱopt
𝜆 0 =

1 + 𝜆

2 + 𝜆

(Braunstein et al 2000, Hammerer et al 2005)

- Classical benchmark
- Optimal protocol: 
Heterodyne measure & prepare 
with gain 𝑔 = 1 + 𝜆 −1

𝜆 → 0 (flat input distribution)

തℱopt
0 𝑟 =

1

1 + 𝑒−2𝑟

(Adesso-Illuminati 2005, Mari-Vitali 2008)

- Optimal resource state:         
Pure two-mode squeezed state
- Optimal protocol: 
Standard BK with unit gain 



secure quantum

1

(Grosshans-Grangier 2001)

quantum

ൗ2 3

classical

ൗ1 2

തℱ𝜆 𝑟 = න
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𝑑2𝛼 𝑃𝜆 𝛼 𝛼 𝜌𝑜𝑢𝑡 𝛼

FIGURE OF MERIT

0

തℱ𝜆→0
needs entanglement in  𝜌𝐴𝐵 needs steering in  𝜌𝐴𝐵

(He et al 2015)
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𝑑2𝛼 𝑃𝜆 𝛼 𝛼 𝜌𝑜𝑢𝑡 𝛼

FIGURE OF MERIT

തℱopt
𝜆 𝑟 =

𝜆

𝜆 + 1 − tanh 𝑟
2 , tanh 𝑟 >

𝑒2𝑟

𝑒𝑟 + 𝜆 cosh 𝑟 2 (1)

𝑒𝑟 1 + 𝜆 + tanh 𝑟

2𝑒𝑟 + 𝜆 cosh 𝑟
, otherwise (2)

- Optimal resource state:  mixed asymmetric two-mode Gaussian 
state with 1 vacuum normal mode [& finite mean energy in case (2)]
- Optimal protocol: BK with non-unit gain depending on 𝑟 and 𝜆
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Foundations of quantum 
mechanics and their impact 
on contemporary society


